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A  numbor  of  readers  of  (XI  have  written  the  author  inquiring 
about  the  possibility  of  generalizing  the  results  presented  there o 
It  therefore  seemed  worthwhile  to  prepare  the  present  brief  note 
Indicating  how  some  of  the  results  in  [2]  can  be  generalized* 

Let  Xg*  *••  *  Xjj  be  K  random  variables*  Let  us  denote 

the  expected  value  of  by  E(xj^)  =  ,  the  variance  of  Xj 

by  Vj  ,  and  the  square  of  the  coefficient  of  variation  of  Xj^ 

by  0  (For  the  sake  of  simplicity,  vro  assume  that 

0  ,  although  some  of  the  results  presented  do  not  require 


this  assxmptlono )  We  shall  make  use  of  the  simple  identity 
K  K  K  K 
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where  ®  ji  *  ~  ^*1  “  ^1^  ® 


are  mutually  independent,  we  find  using  identity  (l)  that  the 
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variance  of  |~|^  x^  will  be  equal  to 
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which  can  also  bo  written  as 
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wiiord  the  summation. 
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,  is  over  all  values  of 


=1=  ig  +  4=  Is  1*2,  ...^K  , 


and  wliore 


TT  la  the  product  over  the  K-S  values  different 


from  the  S  values  ,  ig  o  Equation  (3)  hero  is  a 

generalization  of  equations  (2)  and  (l5)  In  jY]  and  equation  (a) 

In  [73?  equation  (2)  hers  appeared  earlier*  in  [3I  where  it  was 

K 

used  to  study  the  case  x/nore  the  distribution  of  Tf  was 

i=l  ^ 

(approximately)  logarithmic -normal, 

K 

’•Jo  now  present  an  unbiasod  ostimator  of  VCPf  x, ) 

i=l  ^ 

based  on  TUibiased  estimators,  3:^^  and  ,  of  and  , 

respectively,  where  is  the  sample  mean  and  is  bho 

sample  va-^iance  in  a  sample  of  observations  each  having 

mean  and  variance  (i=l  ,2 .  ,K)  ,  VJhen  the  K  samplos 

(1=1,2,  K)  are  mutually  independent,  we  find  that 

K  K  K 

iu.)  v(TTx, )=  IT  (v-+z, )  -  FT  2, 
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Is  an  unbiased  estimator  of  V(TT  x, )  ,  whore  2,*x,  -“▼«/»< 
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2  2 

This  follows  from  the  fact  that  E(xj)-X  =  .  Equation 

(4)  here  is  a  generalisation  of  equation  (5)  in  [2]  . 

The  caao  vjhere  the  aro  not  mutually  independent  Is 

more  complicated.  From  identity  (1)  we  see  that  the  variance 
K 

of  Tf  is 
i=l  ^ 
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^  There  FI  =  E  1  n  3C.  and  B=1I/  IT  X,  ,  The  special  case  of 
I  1=1  V  1=1  ^ 

(^)  where  K  =  T  we.3  studied  in  !_23  o  We  now  considor  the  case 

vjhere  K  =  3  ^  straightfonmrd  cnlcxilation ,  we  find  that , 

when  K  =  3  7  Qqtiation  ('?)  can  bo  roirritton  n- 

3  3  2  n 

(6)  V(  n  X.  )=  IT  X“  £3  G  +{B-1)  (3-3)+2l  E  (9^'  6^  6^0^  (J,k/) 

i=l  ^  i=l  ^  1=1  ^  1  1  2  3  ( 
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where  the  indices  J,  k,-£  range  over  the  values  0,1,2,  and 
where  h(j,k,-/'  )  is  a  syrrarntric  fvinctlon  of  j,k,-4  having 
the  following  values; 

f  0  for  (J,k,>i^)  =  (0,0,0)  ,(0,0,1), (0,1,1) 

.  ,  y  .  <1  (j,k,^)  =  (0,2,2)  ,(2,2,2) 

h(J,k,^  )  -  j  2  for  (j,k,X)  =  (0,1,2)  ,(1,2,2) 

(  4  for  (J,k,^)  =  (1,1,1)  ,(1,1,2)  „ 


Equation  (6)  hare  In  a  generalization  of  oquation  (13)  In  [2], 
the  formula  given  there  for  the  variance  of  the  product  of  two 
random  variables  (not  necessarily  independent).  In  the  same 
way  that  equation  (18)  tjas  used  in  [2]  to  derive  other  variance 
formulas  for  various  product  estimators  (e.g.,  equations  (20) 
and  (21)  ir  [2]  ),  oquation  (6)  here  can  also  to  used  to  derive 
other  x'nrionca  formiO.as  for  product  ostimatoi's  vdiero ,  for  oxaiiplo, 
three  ost5.ra.tore  (rntl.ar  than  two)  aro  mu3.t5pliod  together.  We 
shall  not  co  into  tlicso  details  in  this  briof  note. 
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